Abstract. We extend the Calabi invariants, as a group homomorphism, to the group Hameo(D 2 , ∂D 2 ; ω) of Hamiltonian homeomorphisms, which the author recently introduced [OM]. We then construct a compactly supported area preserving homeomorphism that does not lie in Hameo(D 2 , ∂D 2 ). We call any such homeomorphism a wild area-preserving homeomorphism on D 2 . As a corollary, we prove that the group Homeo Ω (D 2 , ∂D 2 ) of compactly supported Ω-area preserving homeomorphisms is not simple for the standard area form Ω on the disc.
Introduction
The algebraic structure of the groups of volume preserving diffeomorphisms, symplectic diffeomorphisms, or measure preserving homeomorphisms had been well studied by the beginning of 80's thanks to the work of Thurston [T] , Banyaga [B1] and Fathi [Fa] respectively. There is one case which has remained unsettled since then. This is the case of area preserving homeomorphisms in two dimension, especially for the case of S 2 . In particular the question whether the group of area preserving homeomorphisms on S 2 is simple or the corresponding question on the open disc D
2 has remained open. Here in two dimension, the symplectic geometry and the area preserving geometry meet.
In the mean time, driven by the pure symplectic naturality, the author recently introduced the notion of Hamiltonian homeomorphisms in [OM] which forms a normal subgroup of the group Sympeo(M, ω) of symplectic homeomorphisms. In particular in two dimension, it also provides a normal subgroup of the group of area preserving homeomorphisms Homeo Ω (M ) of M equipped with the area measure induced by the area form Ω = ω thanks to the coincidence
This identity is a consequence of a smoothing result of area preserving homeomorphisms proven in [O3] . Motivated by these developments, the author conjectured in [OM] that Hameo(S 2 , ω) is indeed a proper subgroup of Homeo Ω 0 (S 2 ). Similar question can be asked for the group Homeo Ω (D 2 , ∂D 2 ) consisting of area preserving homeomorphisms on the disc that are identity near the boundary ∂D 2 . The main purpose of the present paper is to prove this conjecture for the case of the disc by extending the Calabi homomorphism to Hameo(D 2 , ∂D 2 ). We believe that our method can be also applied to the closed case and give rise to prove the properness of Hameo(S 2 , ω) in Homeo Ω (S 2 ) and as a corollary to prove nonsimpleness of the latter group or more generally non-simpleness of ker θ of the mass flow homomorphism for the higher genus surfaces. This is a subject of future study.
To put the method of our proof in perspective, we outline the main results of this paper and the relevant constructions used in the proof. In [C] , Calabi introduced the so called Calabi invariants on the group of symplectic diffeomorphisms. When restricted to the two dimensional compact surface, this symplectic construction provides a dynamical invariant of the area preserving diffeomorphisms.
A brief summary of this construction is in order. Let Σ be a closed oriented surface and Ω be an area form on Σ and denote by Dif f Ω 0 (Σ) the group of smooth diffeomorphisms on Σ isotopic to the identity. When Σ has a boundary, we denote by Dif f Ω 0 (Σ, ∂Σ) those that is assumed in addition to be the identity near ∂Σ.
When we further restrict to the disc (D 2 , Ω) with the area form Ω = ω with ω being the standard symplectic form on D 2 ⊂ C, the group Dif f
2 ) is contractible (see [GG2] and the references therein) and coincides with Ham(D 2 , ∂D 2 ), the group of Hamiltonian diffeomorphisms (with respect to the symplectic form ω) that are the identity near ∂D 2 . This enables one to define the following type of Calabi invariants
as follows : For given φ ∈ Dif f Ω (D 2 , ∂D 2 ), we consider the integral
where H : [0, 1] × Σ → R is a smooth time-dependent Hamiltonian function whose time-one map is φ. Then one proves that the right-hand side integral depends only on the time-one map. On a general compact surface Σ, the Calabi invariant has a different form as studied in [C] , [B1] . Banyaga [B1, B2] proved that Cal is a surjective homomorphism and so ker(Cal) is a proper subgroup of Dif f Ω 0 (Σ, ∂Σ) which is obviously a normal subgroup thereof. In particular he proved that Dif f Ω 0 (Σ, ∂Σ) is not a simple group. Our main interest in this paper is to prove the topological analog to this latter non-simpleness result for the disc. We equip the group Homeo(Σ, ∂Σ) of homeomorphisms with the standard C 0 -metric given by
We denote by Homeo Ω 0 (Σ, ∂Σ) the group of Ω-area preserving homeomorphisms isotopic to the identity by an isotopy compactly supported in Int(Σ).
The following theorem resolves an outstanding open question on the area preserving homeomorphism group on the compact surface (see e.g., [Fa] , section 7 [GG2] In fact, we will show that a proper normal subgroup mentioned in this theorem is nothing but the group Hameo(D 2 , ∂D 2 ) of Hamiltonian homeomorphisms, with D 2 equipped with the standard symplectic form ω = Ω on D 2 ⊂ C, which the author recently introduced in [OM] . We refer readers to section 2 for a brief summary on the definition of Hamiltonian topology and the basic properties of the Hamiltonian homeomorphism group. However we recall that in the smooth category we have the identity
and so Dif f Ω (D 2 , ∂D 2 ) ⊂ Hameo(D 2 , ∂D 2 ).
Our proof of Theorem 1.1 is based on the following extension of the Calabi invariant to this group Hameo(D 2 , ∂D 2 ) of Hamiltonian homeomorphisms. together with a version of the construction of infinite repetition which is reminiscent of those used in the geometric topology (see [M] , [GG1] ), we will construct an area preserving homeomorphism that is not contained in Hameo(D 2 , ∂D 2 ). We call any such homeomorphism a wild area preserving homeomorphism. This proves the following properness
We will show that this properness is due to the non-approximability of the wild homeomorphisms by a sequence of Hamiltonian paths with tame behavior on their associated Hamiltonians : More precisely speaking, it holds that for any sequence of smooth isotopies λ i of area preserving diffeomorphisms on D 2 such that
converges to the given wild area preserving homeomorphism in the C 0 -topology, the sequence of Hamiltonians Dev(λ i ) cannot be pre-compact in the L (1,∞) -topology. In other words, it must the case that either the Hofer length operatornameleng(λ i ) blows up or the Hamiltonian Dev(λ i ) behaves somewhat chaotically as i → ∞.
The existence of the homomorphism Cal : Hameo(D 2 , ∂D 2 ) → R will be crucial to prove that this untame behavior of the Hamiltonians occurs for any choice of the sequence of smoothing isotopies. In this sense, our non-simpleness result is due to topological Hamiltonian dynamics advocated in [OM, O4] . This further indicates existence of topological Hamiltonian dynamics, which is expected to reveal true nature of the conventional area preserving dynamics.
The proofs of all the main theorems are essentially self-contained for those who are familiar with the construction of Hamiltonian homeomorphisms given in [OM] , with the uniqueness proof of the topological Hamiltonian to the topological Hamiltonian paths and their basic properties provided in [O4] . Therefore it would be useful for the readers to have some familiarities with the contents of our previous papers [OM, O4] and the basic constructions carried out therein.
The organization of the contents of this paper is in order. In section 2, we briefly review the notion of hamiltonian limits and the definition and the basic properties of the Hamiltonian homeomorphism group Hameo(M, ∂M ; ω) specializing the exposition from [OM] to the case of compact symplectic manifolds with boundary. In section 3 and 4, we provide the topological extension, denoted by Cal, of the Calabi homomorphism [C] , [B1] to the group P ham (Sympeo(M, ∂M ); id) consisting of topological Hamiltonian paths introduced in [OM] . We then prove its invariance under the hamiltonian-homotopy which we also introduce in section 4. The sections 3, 4 are not essential for the proofs of main results on the disc and so can be omitted, by those who are mainly interested in the non-simpleness result of the area preserving homeomorphism group on the disc, after they read the definition of the extended Calabi invariant Cal : P ham (Sympeo(M, ∂M ); id) → R. In section 5 and beyond, we focus on the case of discs. In the case of discs, we prove that Cal :
Its proof occupies sections 6 -10, where the Lagrangian intersection theorem [H] , [LS] and the notion of Calabi currents play crucial roles which was introduced in [O4] . Finally in section 9, we produce a wild area preserving homeomorphism that is not contained in Hameo(D 2 , ∂D 2 ). This verifies that
2 ) and proves that the latter group is not simple.
We thank A. Fathi for introducing to us an idea of the construction of infinite repetitions in the homeomorphism category during his visit of Korea Institute for Advanced Study in the summer of 2004, and L. Polterovich for some useful discussion during the conference of "Symplectic Geometry and Hamiltonian Dynamics" in Kyoto University in the February of 2006. The result of this paper was first presented in the Pacific Rim Geometry Conference in Vancouver in April, 2006 . We thank the organizers of the two conferences for the invitation.
Conventions :
(1) The canonical symplectic form ω 0 on the cotangent bundle is given by
where θ is the Liouville one-form and (q 1 , · · · , q n , p 1 , · · · , p n ) is the canonical coordinates on the cotangent bundle.
(2) The Hamiltonian vector field X H is associated by a Hamiltonian H is given by X H ⌋ω = dH.
Notations :
(1) Homeo(M, ∂M ) : the group of homeomorphism compactly supported in 
(1,∞) norm. (9) dµ : the Liouville measure associated to a symplectic form. (10) P ham (Sympeo(M, ω), id) : the group of topological Hamiltonian paths (11) Hameo(M, ∂M ; ω) : the group of Hamiltonian homeomorphisms that are identity near ∂M (12) Dev(λ) : the topological Hamiltonian H associated to a topological Hamiltonian path λ (13) Tan(λ) : the tangent Hamiltonian given by the formula Tan(λ) = Dev(λ)•λ (14) Cal(λ) : the Calabi current Dev(λ) dt associated to a topological Hamiltonian path (15) cal(h, ψ) : the Calabi current h dt associated to a topological exact Lagrangian isotopy.
H : the Hamiltonian generating the product path λµ
Hamiltonian homeomorphisms on compact surfaces with boundary
In this section, we briefly review basic facts on the group Hameo c (M, ω) consisting of compactly supported Hamiltonian homeomorphisms on an open manifold M introduced in [OM] . We will specialize the discussion to the case of compact manifolds M with nonempty boundary and just indicate the necessary changes to be made for the case. We refer to [OM] for more detailed discussion on the basic constructions and properties of the Hamiltonian homeomorphism group. 2.1. Hamiltonian topology on Ham(M, ∂M ; ω) and its completion. We first recall the definition of topology on the group of compactly supported Hamiltonian diffeomorphisms. 
Here supp(H) is defined by
The following is the definition of the Hamiltonian topology on P ham (Symp c (M, ω) , id) introduced in [OM] restricted to the case with boundary. We will say that a map defined on P ham (Symp c (M, ω), id) is hamiltonian-continuous if the map is continuous with respect to the Hamiltonian topology.
It follows from the definition that we have
By definition, Ham(M, ∂M ; ω) is the same as the image of the evaluation map
We then define Ham K (M ; ω) to be the image
It follows that the restriction of the Hamiltonian topology to P ham (Symp K (M ; ω), id) is equivalent to the metric topology thereon induced by the metric
, id) and leng is the Hofer length of the Hamiltonian path λ defined by
We call the right hand side integral of this definition the L (1,∞) -norm (or the Hofer norm) of H, and denote it by H . From [OM] , we recall the definition of the developing map
We also consider the composition of the inclusion maps
Following [OM] , we call the product map (ι ham , Dev) the unfolding map and denote its image by
Then the strong Hamiltonian topology mentioned above is just the weakest topology of the unfolding map, i.e., the one pulled back from the given direct limit topology on the target. Therefore it follows that the unfolding map canonically extends to the union
in that we have the following continuous projections
We would like to note that, by definition, we have the extension of the evaluation map ev 1 :
Now we recall the notion of topological Hamiltonian paths introduced in [OM] .
Definition 2.2 (Definition 6.3 [OM] ). We define the set
and call any element thereof a compactly supported topological Hamiltonian path.
In [OM] , we defined the set of (strong) Hamiltonian homeomorphisms by
and proved that this forms a normal subgroup of the group Sympeo 0 (M, ∂M ; ω) of symplectic homeomorphisms symplectically isotopic to the identity. In terms of this group, we also call a topological Hamiltonian path λ as a hamiltoniancontinuous map from [0, 1] to Hameo(M, ∂M ; ω) and often denote it as λ : [0, 1] → Hameo(M, ∂M ; ω).
Definition 2.3. We define
and then
We call the Hamiltonian topology on Hameo(M, ∂M ; ω) the direct limit topology on the union Hameo K (M, ∂M ; ω) over K of the metric topology on Hameo K (M, ∂M ; ω). We say that any map defined on Hameo(M, ∂M ; ω) hamiltonian-continuous if it is continuous with respect to the Hamiltonian topology on Hameo(M, ∂M ; ω).
We would like to point out that by definition for a given φ ∈ Hameo(M, ∂M ; ω) we have a compact subset K ⊂ Int M such that there exists a sequence of smooth Hamiltonian functions 2.2. Two dimensional case. Now we specialize the above discussion to the dimension 2 and denote (M, ω) = (Σ, Ω) with Ω an area form. One important result, on which our proofs will be based, is the following smoothing result of area preserving homeomorphisms on the two dimensional surface, which is proved in [O3] .
Theorem 2.5. [O3] Let Ω be an area form with Σ Ω = 1, regarded also as a symplectic form ω = Ω on a compact surface Σ with or without boundary. Then we have 
for some compact subset K and satisfy
Then we have lim
Proof. The same result was proved in [O4] for the general closed symplectic manifolds. In the two dimensional case as in our main interest of this paper, we can consider the double of Σ doub(Σ) = Σ * Σ : To define the associated doubling of the symplectic form, first symplectically adjust ω so that it has the cylindrical form
where (s, θ) is the cylindrical coordinates on the collar of ∂Σ. Then we extend the Hamiltonians H i , F i to those on doub(Σ) by zero. Obviously the corresponding Hamiltonian paths converge to the same Hamiltonian path which restricts to λ on Σ and to the identity on Σ. Now applying the uniqueness result from [O4] , we obtain (2.11) and so the proof. 
We call the C 0 -limit λ of φ Hi the topological Hamiltonian path associated to H.
Based on the above uniqueness result, we will write the topological Hamiltonian path λ associated to topological Hamiltonian H as λ = φ H as in the smooth case.
Remark 2.9. In fact, we can prove this uniqueness result on open manifolds in general. This is much more non-trivial in high dimensions. We will give the proof of this uniqueness result elsewhere.
In the later sections, we will study the properness of the subgroup Hameo(Σ, ∂Σ; ω) of Homeo Ω 0 (Σ, ∂Σ). Whenever possible, we will consistently use ω or Ω respectively depending on whether we highlight the symplectic aspect or the area preserving one.
Flat family of Hamiltonians
In this section, we will generalize the notion of topological Hamiltonian paths to the multi-time families. This generalization is a crucial ingredient which enables us to define the notion of hamiltonian-homotopy in the topological Hamiltonian category.
Let (M, ω) be a general symplectic manifold. In this section, for the simplicity of notations, we will always consider diffeomorphisms or homeomorphisms on M supported in Int(M ) if M has a boundary. We will simply denote by Sympeo(M, ω) the set of symplectic homeomorphisms supported in Int(M ) if M has a boundary.
Let Λ = Λ(s, t) : [0, 1] 2 → Ham(M, ω) be a smooth two-parameter family of Hamiltonian diffeomorphisms satisfying
We refer to Appendix [OM] for the precise definition of smoothness of such maps. We denote by H = H(s, t, x) and F = F (s, t, x) be the Hamiltonian functions satisfying
The following flatness lemma was proved in [P] , [O1] based on Banyaga's integrability condition
for the pair {X s,t , Y s,t } of vector fields to integrate to a two-parameter family of diffeomorphisms [B1] . We refer readers to [O1] for the proof of this lemma. 
Then we have
We call this property of the pair (H, F ) flatness or integrability condition for the pair.
We state the following converse to this lemma
two-parameter family of smooth functions satisfying (3.4). Then there exists a smooth family
Λ : [0, 1] 2 → Ham(M, ω) that
satisfies (3.2) and (3.3).
Proof. We just integrate the Hamilton equationẋ = X H s (t, x) with the initial condition φ 0
∂s using the flatness of (H, F ) proves (3.3) whose proof we omit.
In fact, the notion of flatness can be generalized to the k-dimensional family.
We define its curvature K ij by the formula
We call H a flat family, if all curvature vanishes, i.e., K ij = 0 for all i, j.
Again we can integrate a flat family H to a smooth family of maps
Now we extend the notion of hamiltonian limits introduced in [OM] , [O4] to the multi-time family.
is called a hamiltonian limit of a sequence of smooth maps
We call any such limit a hamiltonian-continuous family of topological Hamiltonian homeomorphisms.
Restricting to k = 2, we define the notion of hamiltonian-homotopy between two topological Hamiltonian paths.
Definition 3.5. We say that λ 0 , λ 1 ∈ P ham (Sympeo(M, ω), id) are hamiltonianhomotopic if there exists a hamiltonian-continuous family Λ : [0, 1] 2 → Sympeo(M, ω) (based at the identity) such that
(3.6)
We now prove that the hamiltonian-homotopy defines an equivalence relation. For this purpose, we first recall the following theorem from [O4] , whose proof we refer thereto. Proof. The reflexivity is trivial. The symmetry follows from the fact that H defined by
generates the time reversal Hamiltonian path, denoted by λ, when H is smooth : Suppose that Λ is a hamiltonian-homotopy between λ 0 and λ 1 , and (H, F ) is its associated topological hamiltonian family. Then the family Λ :
defines a hamiltonian-homotopy between λ 1 and λ 0 : A simple calculation shows that the associated topological hamiltonian family of Λ is given by the formula
Finally we check the transitivity. Suppose λ 0 ∼ λ 1 and λ 1 ∼ λ 2 , and let Λ 0 and Λ 1 be corresponding hamiltonian-homotopies between them respectively. We consider the concatenated map Λ = Λ 0 * Λ 1 . It follows from Theorem 3.6 above that Λ is a topological Hamiltonian family : the corresponding Hamiltonian is given by the pair (H, F ) defined by
(3.10)
This finishes the proof.
Topological extension of Calabi invariants
Let (M, ω) is a compact exact symplectic manifold with boundary ∂M , and let ω = −dα. For any given compactly supported Hamiltonian diffeomorphism φ ∈ Ham(M, ∂M ; ω), its Calabi invariant is given by
[C], [B1] where H : [0, 1] × M → R is the compactly supported Hamiltonian generating φ. When we need to specify the domain of diffeomorphism, we will also write this homomorphism as Cal M .
In general, when (M, ω) is not exact, one can still define a version of Calabi invariant on the universal covering space Ham(M, ∂M ; ω) by the integral
It is proven to depend only on h but not on its representative. On the other hand, the right hand side integral (4.1) is well-defined even on the space of smooth Hamiltonian path, not just on the space of Hamiltonian functions by the uniqueness theorem from [O4] . Now we extend this definition to the topological Hamiltonian category.
Definition 4.1. Let (M, ω) be a compact symplectic manifold with boundary ∂M possibly with ∂M = ∅. Consider λ ∈ P ham (Sympeo(M, ∂M ; ω), id) and let H be its (unique) topological Hamiltonian. We define
Note that the right hand side integral of (4.2) is well-defined by the fact that topological Hamiltonians lie in
Furthermore by the uniqueness theorem, Theorem 2.7, of the topological Hamiltonian associated to a topological Hamiltonian path and so (4.2) is well-defined on the path space, not just on the space of Hamiltonians. The following is the topological Hamiltonian analog to the homotopy invariance of the Calabi invariants.
Let (M, ω) be any symplectic manifold with boundary ∂M , which could be empty. Proof. Let λ 0 , λ 1 ∈ P ham (Sympeo(M, ∂M ; ω), id) satisfy λ 0 (1) = λ 1 (1) = φ, and Λ be a hamiltonian-homotopy between them. We need to show
Suppose that Λ is the hamiltonian limit of a sequence Λ i of smooth hamiltonian 2-dimensional family and (H i , F i ) its corresponding Hamiltonian. We may assume that Λ and Λ i are boundary flat. In particular,
function and H(s, ·) ≡ H(0, ·) (4.4) for s ∈ [0, ε 0 ) for sufficiently small ε 0 > 0. And we may also assume that
Integrating this over M , we derive that for almost every s ∈ [0, 1] and in particular for s ∈ [0, ε 1 ) (and so for any s ∈ [0, ε 1 ) by (4.4)). This proves It now remains to prove
For this purpose, we compute
From (3.4), we can rewrite
Here the second term becomes zero by the Liouville's theorem and by the assumption that H i and F i are compactly supported. On the other hand, the first term becomes
Therefore integrating (4.9) over s ∈ [0, 1], we have obtained
The second term becomes zero since
It now remains to estimate the first term We recall the assumption
Again applying the Fubini theorem, we derive
a.e. for s ∈ [0, 1]. Then by the same argument as before, the boundary flatness of Λ implies that
On the other hand, we know that φ F s i = Λ i (s, 1) converges to the constant path Λ(s, 1) ≡ φ. By the uniqueness, Theorem 2.7, of the topological Hamiltonian path, this implies that
In particular, we derive from this
Substituting this into (4.10), we have proven
Combining (4.6)-(4.8) and (4.11) we have finished the proof of (4.3) and hence the proof of the theorem.
5. The case of the disc D 2 ⊂ C
In this section, we will restrict to the case (M, ω) = (D 2 , Ω) with Ω normalized by Ω = 1. On the disc, we will show that Cal defined in (4.2) indeed projects down to the group Hameo(D 2 , ∂D 2 ). The following is the main theorem of this section. We will drop the standard symplectic form ω from our notation of Hameo(D 2 , ∂D 2 ; ω) for the disc D 2 Theorem 5.1. There exists a surjective homomorphism
An immediate corollary of this theorem is the following non-simpleness of the group Hameo(D 2 , ∂D 2 ).
Proof. The normality of ker(Cal) in Hameo(D 2 , ∂D 2 ) is a consequence of the homomorphism property into the abelian group R, and properness therein follows from the surjectivity of the homomorphism.
We recall that Banyaga [B1] proved that the group ker(Cal) is simple and satisfies
Now the following topological analogs to these facts seem to be natural interesting question to ask.
Question 5.3. Is ker(Cal) simple? Does the identity
The rest of this section is occupied with the proof of Theorem 5.1 modulo the proof of Theorem 5.4. The latter theorem will be proved in section 7 -10.
We will attempt to define Cal : Hameo(D 2 , ∂D 2 ) → R by assigning the value
for a topological Hamiltonian path λ with λ(1) = φ, and to prove that this definition does not depend on the choice of such a path λ. In other words, we will need to prove Cal(λ 0 ) = Cal(λ 1 ) (5.1) if λ 0 (1) = λ 1 (1) = φ for any given φ.
We first note that Cal is additive under the concatenation of the paths and that Theorem 3.6 says that concatenated paths again topological Hamiltonian paths and so lying in P ham (Sympeo(D 2 , ∂D 2 ), id). Therefore by considering the concatenated path λ −1 0 * λ 1 it will be enough to prove the following theorem.
We like to emphasize that this theorem is the key technical ingredient that makes the whole scheme of our proofs of the main theorem work in this paper. We will prove this theorem by proving its Lagrangian analog in the spirit similar to that of the proofs used for the uniqueness result of topological Hamiltonians in [O4] . 
we have Cal(φ) = Cal(φ) and so
Now it remains to prove the homomorphism property of this extended map Cal.
Obviously we have φ 1 φ 2 = (λ 1 λ 2 )(1) for the product path
Therefore we obtain
where
On the other hand, λ 1 (t) is measure-preserving and so by the change of variable formula, we have
Substituting these into (5.3), we have proved
Similar argument proves
via the identity Dev(λ −1 ) = −Dev(λ) • λ. This finishes the proof of Theorem 5.1.
Calabi current and its Lagrangianiation
In this section, we will first associate a de Rham current to each topological Hamiltonian path λ, which is the current version of the Calabi invariants introduced in Definition 4.1. We assume that Y and X are closed manifolds throughout this section.
We call this de Rham current the Calabi current of λ.
Now we define the Lagrangian analog to this current. As usual, we Lagrangianize symplectic diffeomorphisms by putting
for a given smooth Hamiltonian path λ with Dev(λ) = H. We denote by
For the rest of this section and the next, we will exclusively deal with the Lagrangianization of our problem. As indicated above already, we denote a general symplectic manifold by (X, ω), instead of using the letter M . We also denote a closed manifold by Y . When we are given a Lagrangian embedding of Y into (X, ω), we often do not distinguish Y from the image in X of the given embedding.
Let
2) where α and β are forms on Y satisfying ∂ ∂t We call any such h a hamiltonian of ψ. According to this lemma, for a given exact Lagrangian isotopy ψ its associated hamiltonian is not unique. One needs a suitable normalization of the hamiltonian : We will use the normalization
for all s. In particular, this normalization makes
unless h s ≡ 0. We call this normalization the average normalization and any such hamiltonian h satisfying (6.3) average-normalized. As we will see later, the suspension of an exact Lagrangian isotopy depends not just on the isotopy ψ but also on its hamiltonian. Because of this, we also regard the pair (h, ψ) :
The following extension lemma is also well-known. 
When the exact Lagrangian isotopy (h, ψ) is given, we can always adjust the above ambient Hamiltonian H away from the support of the isotopy so that H satisfies the normalization condition X H t dµ X = 0. And if the isotopy is boundary flat, then we can choose h and so H can be made boundary flat. Namely, we may assume that there exists ε 0 > 0 such that
(6.6)
We note that this Hamiltonian is one-periodic. In particular, if the isotopy is a closed loop, then we are given the following canonical construction of Lagrangian suspension.
Definition 6.5 (Lagrangian suspension). The suspension of an exact Lagrangian loop ψ : S 1 × Y → R × X is defined by the Lagrangian embedding
We like to remind that any exact Lagrangian isotopy (h, ψ) : [0, 1] × Y → R × [0, 1] × X can be associated an exact Lagrangian loop by concatenating its reverse isotopy.
Definition 6.6. Let Y ⊂ X be a Lagrangian submanifold and (h, ψ) an exact Lagrangian isotopy. The time-reversal of (h, ψ) is the pair ( h, ψ) defined by
Obviously for a boundary flat (h, ψ), the concatenated isotopy
defines a smooth closed embedding S 1 ×Y → R×S 1 ×X, with the obvious formulae for h db and ψ db which are defined on R/2Z. To make clear this fact, we denote
and distinguish it from the standard identification S 1 = R/Z. Now we are ready to give the definition of the Lagrangian loop suspension of an exact Lagrangian isotopy (h, ψ). 
In this way, one can associate a Lagrangian embedding of a closed manifold S 1 (2) × Y and translate dynamical problems of an exact Lagrangian isotopy into the problems of geometry of Lagrangian embeddings. This kind of ideas has been used in many literature of symplectic topology.
The following proposition will play a crucial role in our proof of Theorem 5.4.
Proposition 6.8 (Proposition 3.3 [O4]). Let (h, ψ) be a smooth exact Lagrangian loop. Suppose that the image of ψ is contained in U ⊂ X. Then the Lagrangian embedding ι
We denote by L s = ψ s (Y ) the family of Lagrangian submanifolds associated to the isotopy. Without loss of any generality, we will assume that ψ is boundary flat. We recall the following definition from [O4] .
Definition 6.9 (Definition 3.5 [O4]). A pair (h, ψ) such that ψ : [0, 1] × Y → X is a continuous map and h
: [0, 1] × Y → R an L (1,∞) function
is called a topological exact Lagrangian isotopy if there exists a sequence of smooth exact Lagrangian isotopies (h
is such that ψ defines a loop, i.e., a map from S 1 × Y → X, we call it a topological exact Lagrangian loop.
Remark 6.10. We emphasize that it is not necessarily the case that a topological Hamiltonian loop is the hamiltonian-limit of a sequence of smooth Hamiltonian loops. More specifically, for a given topological Hamiltonian path λ with λ(0) = λ(1), there may not exist a sequence of smooth Hamiltonian paths φ Hi satisfying φ
Here is the Lagrangian counterpart of the Calabi currents which will be an essential ingredient in the proof of main theorems in the current paper.
Definition 6.11. For any topological exact Lagrangian isotopy (h, ψ) : [0, 1]×Y → R × [0, 1] × X, we define its Calabi current, denoted by cal(h, ψ), of (h, ψ) by the n-current, or the distribution valued one-form
Doubling and smooth approximation of Hamiltonian loops
In this section, we first transplant our problem on the disc into the problem of Hamiltonian paths on the sphere by a doubling process. After then we will transform the problem of Hamiltonian paths to that of exact Lagrangian isotopies as in [O4] . We call the former transform doubling and the latter transform Lagrangianization.
7.1. Doubling of the discs. First we describe the doubling process. Let λ be a topological Hamiltonian path lying in P ham (Sympeo(D 2 , ∂D 2 ), id) and H be its associated Hamiltonian. By the definition of P ham (Sympeo(D 2 , ∂D 2 ), id) in section 2, there exists some η > 0 such that
We take the space-double of the path λ over D 2 to define a path on
in the obvious sense where λ c : D 2 → D 2 is the path defined by
where c :
Lemma 7.1. The topological Hamiltonian associated to λ S is given by
. Furthermore the tangent map Tan(λ S ), which is given by Tan(λ S )(t, x) = H S (t, λ S (x)), satisfies the relation
Proof. By considering a Hamiltonian approximation of λ, it is enough to check the identity for smooth Hamiltonian paths. And we have only to check the identity on D − . We first compute the Hamiltonian for the path λ c on (
Therefore the generating vector field for the isotopy λ c is given by the vector field
We evaluate
for any vector ξ(x) ∈ T x D − . This proves that the Hamiltonian H c generating λ c is H c = c * H. On the other hand, the inverse (λ c ) −1 is generated by H c defined by
). The formula (7.2) is immediate to check from the definitions. This finishes the proof.
In particular H S satisfies both the mean normalization condition In fact, we have
is symplectic (and so area preserving), the second term cancels the first and hence S 2 H S ω S = 0. On the other hand, the average normalization (7.4) is obvious by the definition of H S . Now we consider the Lagrangianization (h, ψ) of the topological Hamiltonian loop λ with Dev(λ) = H (or λ = φ H ) by putting
The following proposition will be important for our later discussion.
is a non-zero continuous function. In particular, the current h dθ is non-zero on
Proof. We will first exhibit an explicit 2n-form Ω on Y such that
We consider the two form ω ∆ = i * ∆ (ω S ⊕ ω S ). This form defines a volume form on ∆ S 2 . We take the function f : ∆ → R defined by
Then we consider the form Ω = f ω ∆ and compute
by the choice of f and by the hypothesis Cal(λ) = 0. Here we use the hypothesis that supp H t ⊂ D 2 (1 − η).
From this we obtain
or equivalently
In particular, P h is a non-zero function. Continuity of P h is an immediate consequence of the following structure theorem of topological hamiltonians :
Proposition 7.3 (Theorem 2.4 [O4]). Let (h, ψ) be a topological exact Lagrangian isotopy on S 1 × Y . Then the following holds :
(1) h t : Y → R is defined for almost everywhere t ∈ [0, 1] and is a continuous function at such a point t. This finishes the proof of Proposition 7.2.
Smooth approximation.
In this subsection, we will apply the discussion in the previous subsection to a certain particular sequence of topological Hamiltonian paths.
The following smoothing theorem of loops is proved by the author essentially in [O3] : this is a relative version of the smoothing theorem from [O3] whose proof can be easily adapted to the relative setting. For the readers' convenience, we will summarize the main points of the proof indicating the necessary modifications of the smoothing theorem proven in [O3] . [Sm] ]. In particular any smooth Hamiltonian loop on D 2 is homotopic to the constant loop id and hence Cal(λ i ) = 0 (7.9) for all i. Then the loops
Let H be the associated topological Hamiltonian of λ and H i be the smooth Hamiltonians generating λ i . We would like to emphasize that we do not have any control on the L
(1,∞) -norm H i #H = H − H i in general since we have chosen λ i as a sequence of loops of area preserving diffeomorphisms which are just C 0 -approximations of the loop λ without imposing any condition on the Hamiltonian.
On the other hand, as we mentioned in Remark 6.10, if we attempt to consider a sequence (L i , λ ′ i ) whose hamiltonian limit is (H, λ) , then the Hamiltonian path λ ′ i = φ Li might not define loops. The following is an interesting open question to ask in this respect. This delicate interplay between the smooth and the hamiltonian approximations of a topological hamiltonian loop seems to be the heart of the matter in topological Hamiltonian dynamics in two dimension.
Question 7.5. Can we approximate any topological Hamiltonian loop by a sequence of smooth Hamiltonian loops in the Hamiltonian topology?
We now consider the Lagrangianization of the sequence (7.12) This is given by
Hi ) which generates the topological Hamiltonian path λ i λ −1 . In fact the proof of Proposition 7.2 together with the homomorphism property of Cal gives rise to the following equality, which will be used later in our proof.
Corollary 7.6. Let f be the cut-off function given in (7.6), and let (h, ψ) and (h i , ψ i ) be as in Proposition 7.2 and 7.3. Then we have
Proof. The identity (7.16) immediately follows from the homomorphism property of Cal and the fact that Cal(λ i ) = 0 for smooth loops λ i : We have
Hamiltonian approximation and Lagrangian loop suspension
Consider the topological exact Lagrangian isotopy (h, ψ) defined in (7.15) which is the Lagrangianization of the topological Hamiltonian path (H S , φ HS ).
On the other hand, by the definition of topological Hamiltonian paths, we can choose a sequence of smooth Hamiltonians F i such that φ Fi converges to φ H in the Hamiltonian topology. However we would like to recall that φ Fi are not necessarily loops. We consider the associated exact Lagrangian isotopy (ℓ i , ϕ i ) which can be made arbitrarily hamiltonian-close to (h, ψ). Proposition 7.3 (4) implies
However (ℓ i , ϕ i ) are not necessarily loops and so we take their Lagrangian loop suspensions (ℓ
The proof of Theorem 5.4 will be carried out in the spirit somewhat similar to the proof of the uniqueness theorem of hamiltonians of the topological exact Lagrangian isotopy, which was given by the author in [O4] .
We recall one crucial lemma from [O4] which is Proposition 8.3 [O4] . To coherently state this lemma, we need to the following definition therefrom, which is in turn motivated by Viterbo's proof of Lemma 2.5 [V] . (1) For each fixed y ∈ Y , the map Θ y : θ → Θ(θ, y) is a diffeomorphism of S 1 .
(2) The map defined by (Θ, y) → (Θ, Y (Θ, y)) is also a diffeomorphism, where Y is the map defined by
y (Θ), y). (3) φ is isotopic to the identity. We denote the set of such diffeomorphisms by Dif f
We remark that any diffeomorphism sufficiently C 1 -close to the identity is fiberwiselike and that for any φ ∈ Dif f
is a diffeomorphism for any θ ∈ S 1 .
Next, for each fiberwise-like diffeomorphism φ :
so that ∂ ∂θ ⌋β φ = 0. Then we derive the expression of the current α φ in the form
In fact, a change of variable formula gives rise to
It follows from this formula and Proposition 7.3 that the function P
is a well-defined continuous function.
Using these definitions, we state two results which are variation of Lemma 5.1 and Lemma 5.2 from [O4] whose proofs we refer thereto. Now we also quote the following result from [O4] .
Proposition 8.3 (Lemma 5.2 & 5.3 [O4]). Let Y be orientable and Ω be a given volume form. Assume that k is L
(1,∞) and satisfies the average normalization condition, and that the current α = k dθ α is not closed on S 1 (2) × Y . Then there exists a fiberwise-like diffeomorphism φ :
(1) for the push-forward φ * α, the function P φ k : Y → R defined above is a non-zero continuous function and so the set
(2) φ can be chosen arbitrarily C ∞ -close to the identity map.
Consider the smooth exact Lagrangian isotopy (k i , ψ i ) defined similarly as in (7.15) which are the Lagrangianization of the (smooth) Hamiltonian path
We have the Lagrangianization of the sequence
, and ν i is the smooth Hamiltonian paths given by ν i = φ Ki .
The sequence of embeddings ψ i converges to the canonical embedding
Therefore from now on we will regard ψ db i as a map ψ
Then by construction, any such ψ db i arising from a Hamiltonian path on D 2 through the process of doubling and Lagrangianization has its image contained in
for a universal constant C 0 > 0 independent of such ψ db i 's. Here the norm |p| of p ∈ T * ∆ is the norm taken for any fixed Riemannian metric on ∆. Now by the choice of K i , we have
and so ψ i converges to the canonical embedding
Here the C 0 -convergence ψ i → ι ∆ implies that the image of (k
for all sufficiently large i where U ⊂ S 2 × S 2 is a Darboux neighborhood of ∆. Therefore based on Proposition 6.8, we will regard ψ db i as a map
from now on. Now we take the loop suspension (k db i , ψ db i ) of (k i , ψ i ) and consider the associated Calabi currents
The following proposition is one of the key ingredients in our proof.
the above topological exact Lagrangian isotopies and consider their loop suspensions (k
2) × ∆ and a subsequence i j such that we have
for all j for a constant
Proof. We will prove this by contradiction. We fix a volume form Ω on ∆ with ∆ Ω = 1. Suppose to the contrary that for any choice of fiberwise-like diffeomorphism φ we have
for any fixed φ ∈ Dif f F W (S 1 (2) × ∆) and a function g on ∆. But we have
Now we state the following general lemma which has some independent interest whose proof will be postponed to section 10.
Lemma 8.5. Let Ω = ω ∆ be the volume form on ∆ given by ω ∆ = i * (ω S ⊗ ω S ) and let f : S 1 × ∆ → R be a smooth strictly positive function satisfying
for some constant C > 0 and
Assuming this lemma for the moment, we proceed with the proof of the proposition.
We consider the function χ :
Construction of such a function is immediate and so left to the readers. Under the identification S 2 ∼ = ∆, we will regard χ also as a function defined on S 1 × ∆ in the obvious way.
We recall that we have
and the identity
holds by (7.2) because k i is the Lagrangianization of the smooth Hamiltonian path
Fi,S ) = ((H i #F i ) S , φ (Hi#F i)S ) and so given by k i (t, x, x) = Tan(φ (Hi#F i)S ).
From these and for Ω = ω ∆ , we derive
But we have 2Cal(φ Fi ) → 2Cal(λ) (8.24) as i → ∞ because φ Fi converges to λ in the Hamiltonian topology.
On the other hand, we can write
where the function f := χ + 2 is strictly positive. We note f satisfies
where we used the identity ∆ χ Ω = 0 for the last identity which follows from (8.18). And f satisfies all other properties required in Lemma 8.5 with C = 2. Therefore Lemma 8.5 implies that we can find g ∈ C ∞ (∆) and
Then we have χ = f − 2 and obtain
where the second term of the right hand side of the second line becomes zero since k ·) for each θ respectively. Lemma 8.5 answers affirmatively if the family f (θ, ·)Ω at least satisfies the hypotheses in the lemma. Additional complication arises in the current case from the fact that we would like to find a periodic family of diffeomorphisms. See [Am] for a good introduction of the mass transport problem in general.
Once we have established these, we can now give the proof of Theorem 5.4 largely following the arguments from [O4] .
9. Wrap-up of the proof of Theorem 5.4
Consider the topological exact Lagrangian isotopy (k i , ψ i ) defined in (7.15) which are the Lagrangianization of the smooth Hamiltonian path
The embedding ψ i converges to the canonical embedding
By choosing a subsequence if necessary, we may assume that Proposition 8.4 also holds for a fiberwise-like diffeomorphism φ.
We now consider the symplectic diffeomorphism
induced by the diffeomorphism φ : S 1 (2) × ∆ → S 1 (2) × ∆ and the Lagrangian embeddings
We denote this embedding by ι
. Using the splitting
where the point (θ ′ , y ′ ) is given by
We note that since ψ i → id in the C 0 -topology, it follows that the map
(θ, y) explicitly. A straightforward calculation shows Lemma 9.1. We have
Proof. We compute
Here the first term becomes
and the second one becomes the second term in (9.2). Hence the proof.
We would like to remark that we do not write the second term in (9.2) as φ * ( ψ i ) because ψ i are not necessarily a section of T * (S 1 × ∆).
in the hamiltonian topology and denote
Then there exits a constant C 2 > 0 independent of φ and i such that
Proof. We have
for a universal constant C 2 > 0 where |ψ i (θ, y)| is the norm taken as an element of T * y ′ (∆) with y ′ = π ∆ (ψ i (θ, y)) where π ∆ : T * ∆ → ∆ is the projection. Here we recall that we identify the exact Lagrangian isotopies ψ i : S 1 × ∆ → X with the corresponding isotopies in the Darboux chart T * ∆ of ∆ ⊂ X. Under this identification, we can identify max (θ,y) |ψ i (θ, y)|
This finishes the proof of the first statement. The last statement follows from (9.3) by the C 0 -convergence ψ i → i ∆ that we assumed. This finishes the proof of the lemma. Now we go back to the proof of Theorem 5.4. We closely follow the scheme of the proof used in [V] , [O4] .
As in [O4] , we introduce the following definition.
Definition 9.3. Consider the cotangent bundle T * N of a smooth manifold. Let ψ i : N i → T * N be two Lagrangian embeddings of manifolds N i , i = 1, 2. We introduce the difference set denoted by ψ 1 − ψ 2 . The set ψ 1 − ψ 2 is defined by
In view of Lemma 9.2, we fix the integer N ∈ Z given therein. Note that ι
where the set ι
− df is the difference set introduced in Definition 9.3.
For the further simplicity of notations, we denote g = k db N,φ for the rest of the proof. Noting
we first solve
This is uniquely solvable for each given y ∈ ∆ by a smooth function f 1 (·, y) because
by the definition of P φ N . Therefore the resulting function (θ, y) → f 1 (θ, y) becomes smooth which we also denote by f 1 .
If we set We choose ε = 1 10 C 1 so that the set
is still a non-empty open subset of ∆. Then we choose N ∈ N so large that both Lemma 9.2 and the inequality
hold. We fix such N once and for all. The function g(θ, y) − ∂f1 ∂t (θ, y)(= P φ N (y)) is non-vanishing outside Z N,ε by definition. Recall that we have chosen ε and N so that ∆ \ π(Z N,ε ) is a non-empty open subset of ∆. Therefore we can find a smooth function k on ∆ that has no critical point on π(Z N,ε ). By multiplying a large constant, we may assume dk to be arbitrarily large on π(Z N,ε ) so that
Here we use the fact that the image of π • (ι
) is still contained in T * S 1 (2) × U where U ⊂ X is the Darboux neighborhood that we have chosen before and identified with a neighborhood of the zero section of T * ∆ because ψ db i → i ∆ ⊂ T * ∆ as i → ∞ and φ is C ∞ -close to the identity. It also is based on the fact that we have fixed a sufficiently large N . This enable us to derive from (8.7) the inequality
and so
for all (θ, y) ∈ S 1 (2)×∆ where the norm is measured as an element in T * (θ,y) (S 1 (2)× ∆).
In particular (9.8) implies
Its projection in the direction T * S 1 consists of the elements of the form
and (θ ′ , y ′ ) varying in S 1 (2) × ∆. Here we used Lemma 9.1 for the second equality. Now we recall that we have chosen ε = 
on Z N,ε . Therefore the elements (9.9) satisfy
for all points (θ, y) ∈ ∆\π(Z N,ε ), and so cannot lie on the zero section of o S 1 ⊂ T * S 1 for any point (θ, y) ∈ S 1 (2) × ∆ \ Z N,ε . On the other hand, the projection of ι
in the direction of T * ∆ consists of the elements of the form
These elements do not lie on the zero section o ∆ of T * ∆ for (θ ′ , y ′ ) ∈ Z N,ε and
(θ ′ , y ′ ) by (9.8). We note that any element from the difference set ι
has the form (α, β) such that α is of the form (9.9) and β of the form (9.10). Therefore we will have proved that the difference set ι
, if we set f = f 1 + k. However this is impossible by the Lagrangian intersection theorem from [H] , [LS] : The embedding ι
is a Lagrangian embedding
Hamiltonian isotopic to the zero section (see Proposition 6.8). This finally finishes the proof of Theorem 5.4.
Remark 9.4. As we pointed out, the above proof largely resembles the proof of Lemma 5.2 [O4] . One difference worthwhile to mention is that in Lemma 5.2 [O4] , the limiting embedding ι
is the zero section o S 1 (2)×∆ while in the current case of Theorem 5.4, only the component
is assumed to converge to the zero section of T * ∆. Irrespective of this difference, the upshot of the above proof is that when the C 0 -norm of the function P φ k db i does not converge to zero but ψ i converges to the identity, it will give rise to a contradiction to the Lagrangian intersection theorem. These hypotheses are certainly the case only under the assumption ψ i → id if we know
We hope to further elaborate this point in the future.
10. A problem of mass transport : Proof of Lemma 8.5
In this section, we will prove Lemma 8.5 imitating the proof of Lemma 5.2 [O4], where we gave a local version of the construction used in the current proof below. Here in the globalization of the local proof given in [O4] the hypotheses imposed on f in Lemma 8.5 will be used in an essential way.
For a given strictly positive smooth function f satisfying the properties required in Lemma 8.5, we would like to represent f (θ, y)Ω as Y * θ (gΩ), i.e., we would like to solve the equation
for a suitable choice of φ (and so Y θ ) and g : ∆ → R. We will apply Moser's trick to solve this equation. Since we can make the coefficients at a point θ the same on both sides, it is enough to consider its derivative. We write (10.1) as
2)×Y by φ(θ, y) = (θ, y, φ X (θ, y)), which obviously defines a diffeomorphism of S 1 (2)× Y . If necessary, we consider a constant multiple δf for a small constant δ which makes the vector field X as C ∞ -small as we need, and so φ X is C ∞ -close to the identity. Then the fiberwise-like property of φ X is also achieved.
Finally we choose the function g above so that its values are given by
Then the pair (g, φ) solves the problem (10.1) which finishes the proof.
11. Construction of a wild area preserving homeomorphism on D
2
We recall that in the smooth category, we have 
The group property and the normality of Hameo(D 2 , ∂D 2 ) in Sympeo(D 2 , ∂D 2 ) are essentially proved in [OM] . Therefore we will focus on the properness thereof. For this purpose, we will provide an explicit construction of a wild homeomorphism for which the Calabi homomorphism cannot be extended.
For this proof, we will need to consider the conjugate action of rescaling maps of D We have the following important formula for the change of Calabi invariants under the Alexander isotopy.
Corollary 11.3. Let λ be a given topological Hamiltonian path on D 2 and λ a be the map defined by Remark 11.4. One might wonder whether this Alexander isotopy is a hamiltonianhomotopy in the sense of Definition 3.5, which would have made all the matters very simple. Unfortunately (or fortunately!), this isotopy is not a hamiltonian-homotopy. In fact, a direct calculation for a smooth λ shows the pair (H, F ) associated to the two-parameter family Λ(s, t) = Λ(s, t)(x) with Λ(s, t) = λ s (t, x)
is given by H = Dev(λ s ) and F = F (s, t, x) is the unique function satisfying dF (s, t, x) = r 2 dθ − (λ −1 s ) * (r 2 dθ) and F | ∂D 2 ≡ 0. We note that the right hand one-form is exact due to the fact that λ s is symplectic. From this formula, the generating Hamiltonian F involves the derivative of λ s which we have no a priori control over the hamiltonian approximation of a general topological Hamiltonian path λ.
Here comes a construction of an example of wild area preserving homeomorphisms, which is an enhancement of the one described in Example 4.2 [OM] .
Example 11.5 (Main example). With these preparations, we consider the set of dyadic numbers It is easy to check that φ ρ is smooth D 2 \ {0} and is a continuous map, even at 0, which coincides with the above infinite product. Obviously the map φ −ρ is the inverse of φ ρ which shows that it is a homeomorphism. Furthermore we have φ * ρ (r dr ∧ dθ) = r dr ∧ dθ on D 2 \ {0} which implies that φ ρ is indeed area preserving.
The following lemma will play an important role in our proof of Theorem 2.4.
Lemma 11.6. Let φ k the diffeomorphisms given in Example 11.5. We have the identity (r, θ) = (r, θ + ρ k−1 (2r)) = r, θ + 1 2 4 ρ k (r)
where the second identity follows from (11.4). Iterating this identity 2 4 times, we obtain (11.5), which finishes the proof of (11.5).
An immediate corollary of this lemma and (11.4) is the following Corollary 11.7. We have Cal(φ k ) = 1.
for all k = 1, · · · Now we are ready to give the proof of Theorem 11.2.
Proof of Theorem 11.2. We will prove that the above homeomorphism φ ρ is not contained in Hameo(D 2 , ∂D 2 ). Suppose to the contrary that φ ρ ∈ Hameo(D 2 , ∂D 2 ). Then its Calabi invariant has a finite value which we denote Cal(φ ρ ) = C 1 (11.7)
for some C 1 ∈ R. Writing φ ρ = ψ N ψ N where It is manifest that (11.9) and (11.11) contradict to each other. This finishes the proof.
Motivated by Theorem 11.2, we introduce the following definition Definition 11.8. Let Σ be a compact surface with boundary ∂Σ which could be empty. We call any homeomorphism φ lying in
Homeo Ω 0 (Σ, ∂Σ) \ Hameo(Σ, ∂Σ; ω) a wild area preserving homeomorphism.
It seems to be interesting to study the structure of this set or the quotient group Homeo Ω 0 (Σ, ∂Σ)/Hameo(Σ, ∂Σ; ω). This is a subject of the future study.
Remark 11.9. Using an example of non-Lipschitz, in particular non-differentiable, area preserving homeomorphism coming from Example 4.2 [OM] and the homomorphism property of Cal, it is easy to construct a Hamiltonian homeomorphism φ ∈ Hameo(D 2 , ∂D 2 ) with Cal(φ) = 0. In particular, we ker(Cal) is a proper subgroup of ker(Cal). By applying the relative smoothing result from [Mu] , we choose a sequence of smooth loops µ i such that
This sequence of smooth loops do not necessarily preserve the area and so we need to adjust them. For this adjustment, we apply the procedure provided in section 4 and 5 of [O3] . First after applying the area preserving homeomorphism of D 2 with a square Q with area 1 which restricts a diffeomorphisms on the interior, we have reduced the smoothing problem to that on the square. This is precisely what was solved in section 4 and 5 of [O3] . We refer readers to [O3] for the details of the proof. This finishes the proof of Proposition 7.4.
